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CR-SUBMANIFOLDS OF A KAEHLER
MANIFOLD. I

BANG-YEN CHEN

1. Introduction

Let M be a Kaehler manifold with complex structure J, N a Riemannian
manifold isometrically immersed in M, and 9, the maximal holomorphic
subspace of the tangent space 7, N of N. If the dimension of %, is the same
for all x in N, %, gives a holomorphic distribution %) on N.

Recently, A. Bejancu [1] introduced the notion of a CR-submanifold of M
as follows. A submanifold N in a Kaehler manifold M is called a CR-sub-
manifold if there exists on N a differentiable holomorphic distribution )
such that its orthogonal complement DL is a totally real distribution, i.e.,
JDL C TrN. ‘ '

In this series of papers, we shall obtain some fundamental properties of
CR-submanifolds in Kaehler manifolds.

2. Preliminaries .

Let M be a complex m-dimensional Kaehler manifold with complex
structure J, and N a real n-dimensional Riemannian manifold isometrically
immersed in M. We denote by ¢ , > the metric tensor of M as well as that
induced on N. Let V and ¥V be the covariant differentiations on N and M,
respectively. Then the Gauss and Weingarten formulas for N are given
respectively by

(2.1) VY =V, Y + o(X, Y),

(22) Vi =-A4.X + Dyt

“for any vector fields X, Y tangent to N and any vector field £ normal to N,
where o denotes the second fundamental form, and D the linear connection,

called the normal connection, induced in the normal bundle 71N. The
second fundamental tensor A, is related to o by

(23) (AX, ¥> = (o(X, ¥), £,
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For any vector field X tangent to N, we put
249 JX = PX + FX,
where PX and FX are the tangential and normal components of JX, respec-
tively. Then P is an endomorphism of the tangent bundle 7N, and F is a
normal-bundle-valued 1-form on TN.

For any vector field £ normal to N, we put

(25) JE= 1+ fE

where ¢§ and f§ are the tangential and normal components of J§, respectively.
Then f is an endomorphism of the normal bundle TN, and ¢ is a tangent-
bundle-valued 1-form on 7+N.

A Kaehler manifold N is called a complex-space-form if it is of constant
holomorphic sectional curvature. We denote by M(c) (or M™(c)) a complex
m-dimensional complex-space-form of constant holomorphic sectional curva-
ture c. Then the curvature tensor R of M(c) is given by

R(X,Y)Z = §{<Y, Z5X — (X, Z)Y + JY, ZYJIX
~JX, ZYY + KX, JYYIZ}

(2.6)

for any vector fields X, Y and Z tangent to M(c). We denote the curvature
tensors associated with V and D by R and R * respectively.

For the second fundamental form o, we define the covariant differentiation
V with respect to the connection in (TN) @ (T+N) by

(27 (Vyo)(Y, Z) = Dy(a(Y, Z)) — o(Vx Y, Z) — o(Y, V4 Z)
for any vector fields X, Y and Z tangent to N.
The equations of Gauss, Codazzi, and Ricci are then given respectively by

(4]
2.8) RX,Y;Z, W)= R(X, Y; Z, W) + {o(X, W), o(Y, Z))

—(o(X, Z), o(Y, W)).
(2.9) (R(X, ¥)Z)* = (Vyo)(Y, Z) — (Vyo)(X, Z),
(2100 R(X, Yi&m) = R(X. Y5 £ m) — {4, 4,]X, V),
where R(X, Y; Z, W) =<{R(X, Y)Z,W>,-- -, etc, X, Y, Z, W are tan-
gent to N, § and n are normal to N, and * in (2.9) denotes the normal
component.

Definition 2.1. A submanifold N of Kaechler manifold M is called a
CR-submanifold if there is a differentiable distribution %: x — %, C T,N on

N satisfying the following conditions:
(a) @ is holomorphic, i.e., J D, = D, for eachx € N, and
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(b) the complementary orthogonal distribution D*: x — D+ C T N is
totally real, i.e., JD; C T,"N foreach x € N.

If dim D7 = 0 (respectively, dim ), = (), then the CR-submanifold N is
a holomorphic submanifold [11] (respectively, totally real submanifold (8)). If
dim 9} = dim 7,;*N, then the CR-submanifold is an anti-holomorphic sub-
manifold [3] (or generic submanifold [12]). A CR-submanifold is called a
proper CR-submanifold if it is neither holomorphic nor totally real.

We shall always denote by 4 the complex dimension of ), and by p the real
dimension of D, i.e., h = dimc 9D, andp = dimg D}

We denote by » the complementary orthogonal subbundle of JD' in
T+N. Hence we have

(2.11) TN=JDt @®p, JD* Ly

3. Some basic lemmas
In this section we shall give some basic lemmas for later use.
Let M be a Kachler manifold. Then we have V.J = 0. If N is a CR-sub-
manifold of M, then (2.1) and (2.2) give

(3.1) IVyZ + Jo(U, Z) = ~A,,U + DJZ
for U tangent to N and Z in D+,

Lemma 3.1. Let N be a CR-submanifold of a Kaehler manifold M. Then we
have

(32) (VoZ, Xy = AU, X,
(3.3) AJZW = AJWZ,
(3.4) Ay X = —AJX,

for U tangent to N, X in D, Z and W in D+, and £ in ».

Proof. (3.2) and (3.3) follow immediately from (3.1).

(34) follows from the fact that {a(JX, Y), & = (V,JX, & =
(Ja(X, Y), &. .

Lemma 3.2, Let N be a CR-submanifold of a Kaehler manifold M. Then for
any Z, Win 9+ we have ’
(3.5) DyJZ — D,JW € JOD+.

Proof. Forany ¢iny and Z, Win D, we have

(AyeZ, Wy = (V08 W) = (D4, JW) = ~(& DJW).
Thus we obtain
& DyJZ — DJW) = A, 2, W) — <AJ£ W,z =0.

Since this is true for all £ in », (3.5) holds.
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From Lemma 3.1 it follows that we have J[Z, W] = J(V,W = V,2Z) =
D JW — Dy JZ. Thus by Lemma 3.2 we obtain

Lemma 3.3. The totally real distribution D+ of a CR-submanifold in a
Kaehler manifold is integrable.

This theorem has been generalized to CR-submanifolds in a locally confor-
mal almost Kaehler manifolds in [3].

For the holomorphic distribution 0 we have, [1], [3],

Lemma 34. Let N be a CR-submanifold of a Kaehler manifold M. Then
is integrable if and only if

{o(X,JY),JZ) ={o(JX, Y),JZ)

for any vectors X, Y in 9, and Z in D+,

From (3.2) we obtain, 2],

Lemma 3.5. For a CR-submanifold N in a Kaehler manifold M, the leaf
N+ of D+ is totally geodesic in N if and only if
(3.6) o(D, D), JDL> = 0.

The following lemma can be obtained easily from LLemma 3.4.

Lemma 3.6. If (3.6) holds and 9 is integrable, then for any X in D and £ in
J D+ we have

(3.7) AJX = JAX.

Let P, F, t and f be the endomorphisms and vector-valued 1-forms defined
by (2.4) and (2.5). Put

(3.8) (VyP)V =V (PV) - PY,V, .

(3.9 (VyF)V = D(FV) — F(VV),
(3.10) (Vyt)e =V (18) ~ Dyt
(3.11) (Vuf)t = Dy(f8) — /D

for U, V tangent to N, and £ normal to N. Then the endomorphism P
(respectively, endomorphism f, 1-forms F or ¢) is parallel if VP = 0 (respec-
tively, Vf =0, VF = 0, or V¢ = 0).

From (2.1), (2.2) and (2.4) we obtain

(3.12) (VuP)V = 10(U, V) + AR, U.

4. CR-products in Kaehler manifolds

According to Lemma 3.3, every CR-submanifold N of a Kaehler manifold
is foliated by totally real submanifolds. In §4-§7 we shall study the problem
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when a CR-submanifold N is a Riemannian product of a holomorphic
submanifold and a totally real submanifold?

Definition 4.1. A CR-submanifold N of a Kaehler manifold M is called a
CR-product if it is locally a Riemannian product of a holomorphic submani-
fold N7 and a totally real submanifold N+ of M.

First we give the following characterization of CR-products.

Theorem 4.1. A CR-submaﬁifold of a Kaehler manifold M is a CR-product
if and only if P is parallel, i.e., VP = 0.

Proof. 1f P is parallel, (3.12) gives
4.1) to(U, V) = -Ag U
for any vectors U, V tangent to N. In particular, if X € %), then FX = 0.
Hence (4.1) implies to(U, X) = 0, i.e.,

4.2) A;zX =0,
for any Z in 9, and X in 9. Thus by Lemmas 3.4 and 3.5 we know that &)

is integrable and the leaf N * of 9~ is totally geodesic in N. Let N7 be a leaf
of &. For any X, Y in 9, and Z in 9, (4.2) and Lemma 3.1 give

0=<A,,Y,X>=JA,,Y,JX> =(V,Z,JX> = <Z,V,JX.
From this we may conclude that N7 is totally geodesic in N, and N is a
CR-product in M.

Conversely, if N is a CR-product, then V,Y € @ for any Y in ) and U
tangent to N. Thus by (2.1) and (2.2), we may obtain Jo(U, Y) = o(U, JY).
From this, together with (2.1) and (3.8), we may prove that (V,P)Y = 0.
Similarly, from V,Z € &~ for any Z in " and U tangent to N, we may
also prove that (VUP)Z =0.

From the proof of Theorem 4.1 we have the following,

Lemma 4.2. A CR-submanifold N in a Kaehler manifold M is a CR-product
if and only if A;5.D = 0.

Remark 4.1. In [2] Bejancu-Kon-Yano proved that if N is an anti-holo-
morphic submanifold and VP = 0, then N is a CR-product.

Lemma 4.3. Let N be a CR-product of a Kaehler manifold M. Then for any
unit vectors X in ) and Z in D+ we have

Hy(X, Z) = 2jo(X, Z)|%,

where H, (X, Z) = ﬁ(X ,JX; JZ, Z) is the hoiommphic bisectional curvature of
XAZ.

Proof. Let N be a CR-product in M. Then we have (4.2) for any Z in D+
and X in ). Thus by equation (2.9) of Codazzi we obtain

(4.3) R(X,JX; Z,JZ) = {Dyo(JX, Z) — D;yo(X, Z), JZ),
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where we have used the fact that N7 is totally geodesic in N. Since
{o(D, D), JD+ > =0, (4.2) and (4.3) imply
R(X,JX; Z,JZ) = {a(X, Z), Dy JZ> — {o(JX, Z), D\ JZ >
(4.4) = (o(X, Z), IV xZ> — (o(JX, Z), TV Z)
= (o(X, Z),Jo(JX, Z)) — {o(JX, Z), Jo(X, Z)).
Thus by (4.2) and Lemma 3.6 we obtain the lemma.

Theorem 44. Let M be a Kaehler manifold with negative holomorphic
bisectional curvature. Then every CR-product in M is either a holomorphic
submanifold or a totally real submanifold. In particular, there exists no proper
CR-product in any complex hyperbolic space M™(c) (c <0).

Corollary 4.5. Let M"™ be a Kaehler manifold with H, s > 0, and N a proper
CR-product in M. Then (1) N is not an anti-holomorphic submanifold, and (2)
o(D, D) # 0; hence N is not totally. geodesic in M.

Theorem 4.4 and Corollary 4.5 follow immediately from Lemma 4.3.

Theorem 4.6. Every CR-product N in C” is the Riemannian product of a

holomorphic submanifold in a linear complex subspace CV and a totally real
submanifold of a C™ ¥ locally, i.e.,

N=NTx Ntc"xC"¥=C"
Proof. Since N is a CR-product in C™, Lemma 4.3 implies
(4.5) a(D, D) =0.
Thus by applying a lemma of Moore [10] we see that N = NT X N* is a

product submanifolds in R X R¥"~", Since N7 is a holomorphic submani-
fold of C™, we may choose R” to be a complex linear subspace of C”.

5. Standard CR-products

In this section we shall derive the smallest codimension of CR-product in
complex projective spaces and classify CR-product in complex projective
spaces with smallest codimension.

First we shall give examples of CR-products in CP™. Let CP™ denote the
complex m-dimensional complex projective space with constant holomorphic
sectional curvature 4. We define a mapping

Sjp: CP" X CP? _> CPH*P+h
by
(2" " s zps M- - - ,"lp)—)(zono" T Myttt ’Zhnp)’

where (2o, - - - , z,) (respectively, (g, - - - , 7,)) are the homogeneous coordi-
nates of CP" (respectively, CP?). It is easy to see that S, » is a Kaehler
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imbedding of the Riemannian product CP”* x CP? into CP"*7+#% Let Nt
be a p-dimensional totally real submanifold of CP?. Then CP* x N+
induced a natural CR-product in CP**?*%# via S, . in which N = CP*isa
totally geodesic submanifold, and N+ is a totally real submanifold of
C Ph+ p+hp

Definition 5.1. A CR-product N = NT X Nt in CP™jis called a standard
CR-product if

(ODm=h+p+ hpand

(2) N7 is a totally geodesic holomorphic submanifold of CP™, where
h = dim¢ 9, and p = dimg D} .

We shall prove that m = h + p + Ap is in fact the smallest dimension of
CP™ for admitting a CR-product. First we shall prove the following lemma.

Lemma 5.1. Let N be a CR-product in CP™. Then

{o(X;, Z)} i=1,---,2ha=1,---,p
are orthonormal vectors in v (T*N =JD* © v), where X, -+, X,, and
Z,," - -, Z, are orthonormal bases for D, and D respectively.

Proof. Since CP™ is of constant holomorphic sectional curvature 4 and N
is a CR-product, Lemma 4.2 gives

(5:2) le(X, Z)|| =
for any unit vector X in ) and Z in )*. Hence we may obtain by linearity
that
(5.3) (o(X;» Z), 0(X}, Z)) =0, i+
Moreover, by Lemma 4.2 we see that o(X, Z) is a normal vector in ».

Hence, if dimg Dt = 1, the lemma is proved.
If dimg D = p > 2, then from (5.3) it follows that

(54) (o(X;, Z,), o(X;;, Zg)) + {o(X,, Zp), o(X}, Z,)) =0
fori #j, a # 8.
On the other hand, because N = NT X N1 is a CR-product, we have
(5.5) R(X, X;; Z,, Z) = 0
Moreover, by Theorem 6.1 of {3] we obtain
(5'6) ) R( i j’ a’ Z,B) =0
* Therefore by (2.8), (5.5) and (5.6) we get
(57 (o(X;, Z,), o(X;, Zg)) = {o(X,, Zp), 0(X), Z,)).

Combining (5.4) with (5.7) gives the lemma.
As immediate consequence of Lemma 5.1 we obtain the following,
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Theorem 5.2. Let N be a CR-product in CP™. Then
(5.8) : m>h+p+ hp.

Remark 5.1.  Since the standard CR-products in CP™ satisfies the equality
sign of (5.8). The estimate of m given in (5.8) is best possible.

The following result seem to be remarkable.

Theorem 5.3. FEvery CR-product N in CP™ with m=h+p+ hp is a
standard CR-product.

Proof. Let N be a CR-product in CP™ with m = h + p.+ hp. Then for
any X, Y, Zin ) and W in 9D we have, from (2.8),
(59) 0=R(X,Y; Z, W)+ {o(X, W), o(Y, Z)>~o(X, Z), o(Y, W).
On the other hand, by (2.6) we obtain

R(X,Y;Z,W)=0.

Thus (5.9) gives :
(5.10) <o(X, W), 0(Y, Z2)> =<o(X, Z), o(Y, W)).
In particular, if Y = JX, then Lemmas 3.1, 3.6, 4.2, and (5.10) imply

(o(X, Z), o(JX, W)) = {o(JX, Z), o(X, W))
(5.11) = {Jo(X, Z), o(X, W))
= {o(X, Z), a(JX, W)>,
from which we get
(5.12) {o(X, Z), o(JX, W)) = 0.
Combining (5.11) with (5.12) yields
{o(X, Z), o(X, W)> =0
for any X, Z in ) and W in *. Thus by linearity we have
(o(X, Z), o(Y, W)) + {o(Y, Z), o(X, W)) = 0.

Combining this with (5.10), we obtain, for any X, Y, Z in &) and W in -,
(5.13) {o(X, Z), o(Y, W) = 0.
Now since m = A + p + hp, Lemma 5.1 and (5.13) show that o(X, Z) lies in
J Dt for any X, Z in ). On the other hand, Lemma 4.2 shows that o(X, Z)
must lie in ». Consequently, we have o(°D, D) = 0. Therefore by the fact that
N is a CR-product, N7 must be totally geodesic in N. Thus N is totally
geodesic in CP™,

As an immediate consequence of Theorem 5.3 we have the following.

Theorem S4. Let M = M, X M, be the Riemannian product of two
Kaehler manifolds with dime M, = h and dime M, = p. Then M, X M, ad-
mits a Kaehler immersion in CP*"*P*" if and only if both M, and M, are
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complex-space-forms: of constant hdlomorphic sectional curvature 4. Moreover
h+p+ hp is the smallest dimension of CP™ which admits such Kaehler
immersions, and M, and M, are both totally geodesic in CP™, and any such
immersion is obtained by the Segre imbedding.

6. Length of second fundamental form

The main purpose of this section is to prove the following,
Theorem 6.1. Let N be a CR-product in CP™. Then we have

(6.1) lloll* > 4hp,

- where h = dim¢ 9D, and p = dimg D;-. If the equality sign of (6.1) holds, then

NT and N+ are both totally geodesic in CP™. Moreover, the immersion is rigid.

In this case N7 is a complex-space-form of constant holomorphic sectional

curvature 4, and N is a real-space-form of constant sectional curvature 1.
Proof. Since CP™ is of constant holomorphic sectional curvature 4 and N

is a CR-product, Lemma 4.3 gives

(6.2) llo(X, Z)|| = 1
for any unit vectors X in ) and Z in D*. Thus we have
2k ?
(6.3) ol =4hp + X llo(X0 XpIP + X l0(Z,, Zp)I,
4,B=1 aBf=1
where {X,, - - -, X5} (respectively, {Z,, - - - , Z,}) is an orthonormal basis

of & (respectively, D). From (6.3) we obtain (6.1).
If the equality sign of (6.1) holds, (6.3) implies
(6.9 (D, D) =0 and A(D+, D) =0.
Since NT and N are both totally geodesic in N, (6.4) implies that N7 and
N+ are both totally geodesic in CP™. Consequently, equation (2.8) of Gauss
shows that N7 is a complex-space-form of constant holomorphic sectional
curvature 4, and N * is a real-space-form of constant sectional curvature 1.
Now we shall prove that the immersion is rigid if ||o||* = 4/Ap.
" Since N = N7 X N* is a Riemannian product of N7 and N, we may

assume that {X,, - -, X, JX}, - ,JX,} is an orthonormal basis of )
such that X, - - -, X,, JX,, - -+ ,JX, are parallel along D%, and
{Z,, - -, Z,} is an orthonormal basis of 6+, which are parallel along .
Thus we have

Vx,Z,=0,9,X,=0,

6.5 o
( ) A,B,C,"'=1,"’,2h;(X,B,Y=1,"',P,
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where X, ., =JX,i=1,---, h If we put
(6-6) f(A,a) = O(XA’ Za),
then Lemma 5.1 implies that
(6.7) JZ, §apy . B=1,---,p;A=1---,2h,
are orthonormal vectors in T+N. Let
p=Span{é 4 =1---,2ha=1---,p}.

Then p,, x € N,isa 2hp-dimensi6na1 linear subspace of »,.
Denote by p the complementary orthogonal subspace of p, in »,. Then

T'N=JD* D p&®put,

where J )1, p and p* are mutually orthogonal.

From Lemma 4.2, (6.4) and (6.6) it follows that
(6.8) ~Imo =yp,
and TN @ J D+ @ p is a complex vector bundle over N.

We prove the following lemmas.

Lemma 6.2. J)+ & p is a parallel normal subbundle, i.e., Dy € J DL @
 for any Uin TN and any £in J Dt @ p.

Proof. Let Ube any vector in TN, Z in D and 7 in pt. Then (6.8) implies

0= <o(U, Z),n)> =<V JZ, Jnd = {DJZ, Jn).

Hence
(6.9) Dy(JDH) CTD* D p,
for any U tangent to N.

From (2.6), (2.9), (6.6) and (6.8) we have

O = R(XAa Za; ZB) "7) = —<Dzﬂ£(A,B)s "'I>,
0= R'(XA’ Za; XB’ "7) = <DXA£(B,(1)3 n>~
Consequently, we have Dyp C JD* © p, which together with (6.9) gives the
lemma.
Combining (6.8) with Lemma 6.2 we may conclude that N isin fact liesina
totally geodesic CP*+P+" of CP™.
Now we put
(6.10) Vi Xpg = 2 T5Xe, Vo Zy= 2T Z,.
Then from (2.9), (6.4), (6.5), (6.6) and (6.8) we have that

0= R(XA, s ZB’ g(ﬁ- T))
= (o(Xy, V2,Z5) = Dz, 85 48,12
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which implies that
(6.11) {Dz&u.8y &> = Lipgdas

Similarly, by considering R(Z,, X,; X3, £cp)y R(X4» Z,3 25, JZ,), and
R(Z,, X4; X3, JZp), respectively, we obtain

(6.12) <DXA£(B,¢1)7 §(c,ﬂ)> = rfl:Baa >

(6.13) <Dz.,£(A)B)’ JZY> = 0,

(6.14) <DXA£(B,¢1)’ JZB> = <XA> JXB>6.143~
Moreover, from (6.8) it follows that

(6.15) DIz, =JY,Z, =JV,Z, + Jo(U, Z,).

Since N = N7 X N+ is a CR-product of a complex-space-form N7 of
constant holomorphic sectional curvature 4 and a real-space-form N * of
constant sectional curvature 1, the Riemannian structure of N is completely
determined. From (6.4), (6.6), and (6.8), the second fundamental form of N in
CP™ is also determined completely. Moreover, from (6.11)-(6.15) and
Lemma 6.2, we see that the normal connection D on T*N is also completely
determined. Hence the immersion is rigid.

Remark 6.1. Let RP? be a totally geodesic, totally real submanifold of
CP?, Then the composition of the immersions

S,
CP" X RP? — CP" X CP? =5 CP**?+W _, Cp™

gives a CR-product in CP™ with ||a||*> = 4hp. Theorem 6.1 tells us that it is in
fact the only CR-product in CP™ with | o||* = 4hp.
As a consequence of Theorem 6.1, we have

Corollary 6.2. If N is a minimal CR-product in CP™, then the scalar
curvature p of N satisfies

(6.16) p < 4h* + 4h + p* — p,
where the equality sign holds if and only if | o||* = 4hp.

Proof. Since N is a minimal CR-product, the Ricci tensor S of N satisfies
S(X, X) = 2h+p +IX|? - D4 X|?, X €D,
S(Z,Z)=2h+p—1-2|4.Z|>, Z €D,

which imply that
(6.17) p = 4h®> + 4h + p*> — p — ||o||* + 4hp.

Combining (6.1) with (6.17) we obtain (6.16). It is clear that the equality sign
of (6.16) holds if and only if ||o|| = 4hp.
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7. CR-products in Hermitian symmetric spaces
First we give the followmg
Lemma 7.1. Let M™ be a nonpositively curved Kaehler manifold, and N a
CR-product in M™_If N is anti- holomorphic, then
(1) the Ricci tensors of M and N7 satisfy

(7.1) S(X, Y)=S7(x, Y)
for any vectors X, Y tangent to NT, and
(2) N7 is totally geodesic in M™.
Proof. Since N is a CR-product and M is nonposmvely curved, Lemma
4.3 implies
- (7.2) K(X, Z) = K(X, JZ) =0o(X,Z) =
for any X in 9 and Z in 9*. On the other hand, since N is anti-holomor-
phic, Lemma 4.2 gives :
(7.3) o(%D, D) =

Thus N7 is a totally geodesic submanifold of M. Consequently, we have
(7.4) K(X,Y) = K'(X, Y).

for any orthonormal vectors X, Y tangent to N7, where K7 denotes the
sectional curvature of N7, Combinjng (7.2) with (7.4), we obtain (7.1).

Theorem 7.2. Let M™ be a Hermitian symmetric space of noncompact type,
and N a complete CR-product in M™. If N is anti-holomorphic, then

(1) N7 is also a Hermitian symmetric space of noncompact type.

(2) there exists another Hermitian symmeiric space M~ of noncompact type
such that

(2a) M is the Riemannian product of NTand M+, and

(2b) N7 is a totally real submanifold of M *.

Proof. Since M™ is a Hermitian symmetric space of noncompact type,
M™ is nonpositively curved [9]. By Lemma 7.1, we have (7.1) and N7 is
totally geodesic in A™. Hence from equation (2.8) of Gauss we have

; ?

(7.5 ST(X, X)) =S(x, X) - X {R(Z,.X; X, Z,) + RUZ, X; X,JZ)))}
a=1

for any orthonormal basis Z, - - s JZy - -+ ,JZ, of T*NT in M™.

Since (7.1) holds and Mis nonposmvely curved, (7. 5) 1mp11es

(7.6) K(X,2)=K(X,JZ) =

for any X in TN7 and Z in T+N7. From these we may obtain the theorem
by using the same argument as we gave in the last part of the proof of
Theorem 1 of [5].
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As an immediate consequence of Theorem 7.2 we have the following,

Theorem 7.3. Let M™ be an irreducible Hermitian symmetric space of
noncompact type. If M™ admits a proper CR-product N, then N is not
anti-holomorphic.

Remark 7.1. Although the complex hyperbolic space admits no proper
CR-product (Theorem 4.3), other irreducible Hermitian symmetric spaces
of noncompact type admit CR-products in general (see, Chen-Nagano
[7D. For example, the rank 2 irreducible Hermitian symmetric space
SU?2, m)/S(U, x U,,), admits a proper CR-product N for any 4 = dim¢ D
satisfying 0 < & < m.

8. CR-submanifolds with VF = 0
Let N be a CR-submanifold in a Kaehler manifold A. Then it associates a
canonical normal-bundle-valued 1-form F on TN and a tangent-bundle-val-
ued 1-form ¢ on T *N. In this section we shall classify CR-submanifolds with

parallel F (or ?).
Lemma 8.1.  For any vectors U, V tangent to N and & normal to N, we have
(8.1) (V)6 = Aff‘U — PA,U,
(82) (Vof)e= -FA,U — o(U, 5),
(8.3) (VyF)V = fo(U, V) — o(U, PV).

Proof. -From (2.1) and (2.2), we have

Vg =Vt + Vit =V it + o(U, t§) — AU + Dyfé

8.4 ~
(38.4) = JVyt = —PA,U — FAU + 1Dy + fDyt.

Comparing the tangential and normal components of both sides of (8.4)
yields
(8.5) V(1) — tDyt = 4;U — PA,U,
(8.6) Dyfé — fDy€ = ~FA.U — o(U, t§).
Since the left-hand sides of (8.5) and (8.6) are nothing but v vt and Vi
respectively, we have (8.1) and (8.2).
Similarly, for any U, V tangent to N, (2.1) and (2.2) give
VIV =VyPV + o(U, PV) — Ap, U + DyFV
= PV, V + FV,V + t(U, V) + fo(U, V).
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Thus .
D FV — F(V,V) = fo(U, V) — o(U, PV),

which is nothing but (8.3). ‘

Proposition 8.2. Let N be a CR-submanifold of a Kaehler manifold M.
Then VF = Ozfandonlyszt—O _

Proof. From Lemma 8.1, we see that Vr = 0 if and only if, for any U, V
tangent to N, £ normal to N, -

(AU, V> = (PAU, V>,
1e., » B
(o(U, V), JE) = ~(a(U, PV), &,

which is equivalent to
o(U, PV) = fo(U, V),i.e, VF = 0.

__ Lemma 83. Let N be a CR-submanifold in a Kaehler manifold. Then
VF =0 if and only if
(1) N is a CR-product, and

) A4, =0. _
Proof. By Lemma 8.1, VF = 0if and only if
8.7) o(U, PV) = fo(U, V).

Thus for any Z in D+ we have fo(U, Z) = 0, which is equivalent to (2).
Moreover, for any X in- D, (8.7) gives

o(U, JX) = fo(U, X) E ».

Thus A4;¢.% = 0. Consequently by Lemma 4.2, N is a CR-product. Con-
versely, if 4;9.D = 0and 4,0 = 0, then (8.7) holds by Lemma 3.6.

Lemma 84. Let N be a CR-submanifold in a Kaehler manifold. If VF = 0
then

(8.8) Hy(D, D) =0,
(8.9) (%D, D) =0.

Proof. (8.9) follows from Lemmas 4.2 and 8.3, and (8.8) from Lemmas 4.3
and (8.9).

From Theorem 4.6 and Lemma 8.4 we obtam the following.

Theorem 8.5. Let N be a proper CR-submanifold in a complete simply-
connected complex-space-form M™(c). If VF =0, then ¢ = 0, i.e., M () =
C™. Moreover, N is the Riemannian product of a holomorphic submanifold NT
of a C™? and a totally real submanifold N+ of a C? locally, where p =
dimy N *.
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Proof. From Lemma 84 it follows that M "(c) is C™. Thus by Theorem
4.6 we see that N is the Riemannian product of a holomorphic submanifold
‘N7in a CY and a totally real submanifold in a C"¥ locally. :

Using Lemma 8.3 and the fact that N * is totally geodesic in N, we obtain
from Theorem 2 of [6] that N1 is in fact lies in a complex p-dimensional
linear complex subspace C? of C™ as a totally real submanifold.

Remark 8.1. Let N7 be a holomorphic submanifold of a Kaehler mani-
fold M7, and N1 a totally real submanifold of a Kaehler manifold M L.
Then it is easy to verify that N= N7 X Nt is a CR-submanifold in
M= M7 X ML with VF = 0. From this we may conclude that the rank-
2 irreducible Hermitian symmetric spaces SU(2, m)/S(U, X U,) and
SUQ + m)/S(U, X U,) both admit proper CR-submanifolds with VF = 0,

Remark 8.2, From (8.2) it is easy to see that a proper CR-submanifold N
satisfies Vf = 0 if and only if JD* is parallel (or 4,50+ = Q).

9. Mixed foliate CR-submanifolds
Definition 9.1. A CR-submanifold N in a Kaehler manifold is said to be
mixed foliate if
(1) %) is integrable and
) o(D, D) =0.
Lemma 9.1. Let N be a mixed foliate CR-submanifold in a Kaehler
manifold M. Then for any unit vectors X in D and Z in D+ we have

(9.1) Hy(X, Z) = 2|4, X |I>
Proof. If N is mixed foliate CR-submanifold, then
9:2) o(D, D) =0,[D, D] D, 6(X,JY) = 0o(JX, Y)

for any X, Y in . Thus for any X in % and Z in 9+, the equation of
Codazzi gives :

Hy(X, Z) = (o(JX, V4 Z),JZ) — {o(X, V x Z), JZ).
= {A;IX, VZy — (A1 X, Vi Z).
Hence by Lemma 3.1 we have 4
Hy(X, Z) = (A;zIX, JA, X > — {A;zX, JA;2TX )
| = 2| 4;X |12 ) )
Theorem 9.2. Let M be a Kaehler manifold with Hg > 0. Then M admits

no mixed foliate proper CR-submanifolds.
This theorem follows immediately from Lemma 9.1.
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Corollary 9.3 (Bejancu-Kon-Yano [2]). A complex-space-form M ™(c) with
¢ > 0 admits no mixed foliate proper CR-submanifolds.

Remark 9. 1 Geodesic spheres of CP™ are real hypersurfaces with
(D, D) =

Theorem 9.3 Let N be a CR- submamfold in C™. Then N is mixed foliate if
and only if N is a CR-product. ,

Proof. Let N be a CR-submanifold in C™. If N is mixed foliate, Lemma
9.1 implies -
(9.3) A;p1D =0.
So by Lemma 4.2, N is a CR-product.

Conversely, if N is a CR-product, then (9.3) holds. Thus by Lemma 4.2 and
4.3, we get o(D, D) = 0. Hence N is mixed foliate.

Remark 9.2. For an anti-holomorphic submanifold N, Theorem 9.3 is due
to Bejancu-Kon-Yano [2].

10. CR-submanifolds in Hermitian symmetric spaces of compact type

Using Lemma 9.1 we obtain

Theorem 10.1. Let M be a compact (type) Hermitian symmetric space and
N a mixed foliate CR-submanifold in M. Then

(1) N is CR-product,

Q) KD, D)y =0, KD, 7Dy =0

(3) A4;5:% =0.

Proof. If N is a mixed foliate CR-submanifold in a compact Hermitian
symmetric space M, then M is nonnegatively curved [9], and hence by
Lemma 9.1 we have

Hy(X,Z)=K(X,Z)+ K(X,JZ) =0, A,,X =0,

which imply (2) and (3). Statement (1) follows from (3) and Lemma 4.2.

Remark 10.1. Although CP™ admits no mixed foliate proper CR-
submanifolds (Corollary 9.3), other irreducible compact Hermitian sym-
metric spaces admit mixed foliate proper CR-submanifolds in general.
For example the rank-2 irreducible compact Hermitian symmetric space
SUQR + m)/S(U, X U,) admit such submanifolds N for any 4 = dimc %
satisfying 0 < h < m.

In view of Remark 10.1 it seems to be interesting to give the following.

Theorem 10.2. Let N be a complete mixed foliate CR-submanifold in a
compact type Hermitian symmetric .space'lrl ™, If N is anti-holomorphic, then

() N is a CR-product NT x N+,
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() NT is also a compact type Hermitian symmetric space,
(3) there is another compact type Hermitian symmetric space M * such that

(3.1) M is the Riemannian product NT X M~,

(3.2) N+ is a totally real submanifold of M*.

Proof. (1) follows from Theorem 10.1. Let N7 be a leaf of the holomor-
phic distribution ). Then, since N7 is totally geodesic in N, Theorem 10.1
implies that N7 is a totally geodesic holomorphic submanifold of M™. Thus
NT is also a compact type Hermitian symmetric space, and (2) is proved.

Using (2) of Theorem 10.1, the equation of Gauss, and the fact that N7 is a
totally geodesic submanifold of M™, we obtain that

(10.1) ST(X,Y) = §(X,7)

for any vectors X, Y tangent to N”. Thus by applying Theorem 2 of [5] we
arrive at (3).

The following is an immediate consequence of Theorem 10.2.

Corollary 10.3. Every irreducible compact type Hermitian symmetric space
admits no mixed foliate proper anti-holomorphic submanifolds.

Remark 10.2. Although Theorem 10.1 shows that every mixed foliate
CR-submanifold in a compact Hermitian symmetric space is a CR-product,
and Theorem 9.3 shows that a mixed foliate CR-submanifold in C” is nothing
but a CR-product, CR-products in compact Hérmitian symmetric spaces are
not mixed foliate in general. For example, the standard CR-products in CP™
are not mixed foliate.

11. Remarks

11.1. The classification of mixed foliate CR-submanifolds in complex
hyperbolic spaces and the classification of CR-submanifolds with semi-flat
normal connection together with other results on CR-submanifolds will be
given in the second part of this series. ;

112, A portion of this paper was done while the author was a visiting
professor at the University of Granada, Spain. The author would like to
express his hearty thanks to his colleagues there for their hospitality. More-
over, he would like to express his thanks for the valuable discussions with
Professors Barros and Urbano on this subject.

Added in Proof. Recently A. Bejancu informed me that he also obtained
Theorem 4.1.
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